parts is a major reason for the high life cycle cost of military systems. The problem has become a serious concern for product support managers of defence systems due to the rapid progress in electronic technology wherein a new generation of components replace the old generation components within months (Meyor et aI2004).
The impact of obsolescence, although severe on defence industry, has also affected several other industries. Szoch et al (1995) discusses policies to manage obsolescence issues in nuclear reactor protection systems. Hoorickx (2008) studied the impact of obsolescence on longlife medical instruments where support requirements for healthcare systems can extend beyond 10 years. He suggested several strategies to manage obsolescence of healthcare systems to reduce the total cost of ownership.
Several strategies have been developed by capital asset managers to mitigate the impact of obsolescence. Last-time-buy (also known as Life-time-buy), part replacement, aftermarket sources, emulation, re-engineering and design refresh are some of the strategies used by product support managers to reduce the impact of parts obsolescence (porter, 1998) . In this paper we focus on the following three strategies:
1. Last-time-buy (LTB): Under the LTB strategy, the users of the part are given one last chance to buy the spare items so that they can meet the demand for spare parts for entire remaining life or the item and maintain the availability at the system level.
2. Redesign strategy: Under redesign, the part and the system in which the part is embedded are redesigned to incorporate new technology.
3. Combination ofLTB and redesign: Under the combination strategy, LTB strategy is used up to a certain period (up to j-l periods out ofN periods) and redesign is completed and implemented from period j onwards (till the remaining life of the system).
Mathematically, strategy 2 is a special case of strategy 3. It is assumed that the redesigned part will survive all remaining periods with probability Qi, where redesign is performed during period i.
One key issue with L TB procurement is that it is very difficult to estimate the number of spare items required to support the system for the rest of its useful life, especially when the life of the system itself may be extended several times. The product support managers have to decide whether it is beneficial to redesign an existing subsystem or use LTB strategy or a combination of both. The use of L TB strategy involves carrying a huge quantity of inventory for a long period; on the other hand redesign programs for defence systems need to go through time and cost consuming system qualifications/certifications that make the entire process of redesign extremely expensive (Porter, 1998 ; Solomon et al 2000) . Porter (1998) claims that the redesigning exercise may take up to 12 to 24 months if there are significant design changes to the LRU (line replaceable unit) in which the obsolete part is embedded.
The main focus of this paper is to develop mathematical models for choosing the best obsolescence strategy under the following three different scenarios:
1. The user receives information from the supplier that a part would be discontinued in the near future (deterministic scenario).
2. There is uncertainty about the availability of a part and the time to obsolescence is assumed to be a random variable. A priori distribution, F(X), for time to obsolescellce is used to calculate the optimal time to redesign.
3. The time to obsolescence is assumed to be a random variable and the user is updated about the future availability of the part for procurement during each period of 4 operation (scenario 2 is a special case of scenario 3). In this scenario it is assumed that the probabilities get updated prior to every period.
The rest of the paper is organized as follows. In Section 2, we discuss the main drivers of obsolescence and literature on assent management models under obsolescence and technological change. In Section 3, we develop mathematical models for predicting the total cost of ownership under different obsolescence mitigation strategies and these models are further used to generate propositions on different strategies. The Bandit models for selection of optimal strategies are discussed in Section 4. An illustrative example of the Bandit process approach is demonstrated in Section 5. Conclusions and the course of future research are presented in Section 6.
2.0
Drivers of Obsolescence and Literature on Assent Management under
Technological Change
The electronic parts market is driven by the commercial sector and the influence of defence on electronic parts manufacturers has decreased over a period of time. The market share of electronic parts for military systems is less than 0.3% (Hunt and Haug, 2001 Nair and Hopp (1992) developed the model of equipment replacement due to technological obsolescence, using dynamic programming. However, the decision to replace an obsolete sub-system/part with one incorporating the latest technology is driven by many factors and requires careful analysis. For example, system integration issues may force a major redesigning of the LRU in which the obsolete part is embedded. In such cases, it may be convenient to choose the L TB strategy for the obsolete part for the time being; however, this may involve compromising on the performance and other design parameters such as reliability, maintainability and supportability when a more sophisticated technology is available. On the contrary, redesigning is a very time consuming process and there is no guarantee that the new technology will survive for a long time period or at least till the design life of the system.
Product support managers are updated frequently with information about parts that are likely to become obsolete in the near future, on the basis of which they have to choose a strategy that 6 would enable them to maintain availability of the fleet at the least cost of ownership.
Unavailability of fleet would result in heavy penalty and should be avoided. The following assumptions are used in developing the models presented in this paper:
L Annual demand for parts is constant and the rate of demand is equal to its failure rate.
2. The time taken to redesign is known and is deterministic.
3. There is no shelf life for stocked parts. That is, the inventory IS not subject to obsolescence.
4. The system life is not extended beyond the initial life of the system. TCO calculation can be very complex depending on the operations strategy adopted by the user (Asiedu and Gu, 1998) . In this paper we include cost elements that have significant impact on the selection of alternative obsolescence mitigation strategies, Using the framework for TCO discussed by Regnier et al (2004) and Dinesh Kumar et al (2007) , the TCO for N years of normal operation (in absence of obsolescence) is given by:
In Equation (1), tenns 1,2 and 3 represent procurement, inventory holding and operation & maintenance costs respectively over N years discounted at the rate of r. For mathematical simplicity we have ignored the cost of disposal from the Teo expression in Equation (1).
Equation (2) can be easily derived since it is a geometric series. Under the LTB strategy, the decision maker is forced to buy all the spare components that are required to support the system for the remaining useful life of the system. The TeO under LTB is given by: 
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In Equation (4), term 1 accounts for the discounted redesign cost assuming that the redesigning is performed at the beginning of the remaining life. Terms 2,3 and 4 in Equation (4) account for procurement, inventory and operation and maintenance cost of the redesigned part respectively. TCO under the combination strategy can be calculated as follows:
Then the cost of ownership under the combination strategy is given by:
Where TCOLTB(j-l) is the total cost of ownership for j-l years under L TB and TCORDG,N) is the total cost of ownership for (N-j+ I) years where redesign is performed on the jth year. TCOwG,N) is given by:
Equation (7) is derived using Equation (2) . A simple zero-one programming model can be used to fmd the optimal time at which the redesigning should be performed, and the corresponding optimization model is given by:
Subject to:
The following propositions are derived using the TCO model discussed above for different obsolescence mitigation strategies.
Proposition 1:
If an embedded part becomes obsolete, then there exists an upper limit for the remaining life, beyond which, the redesign strategy is preferred over the LTD strategy.
Proof: The proposition can be easily proved by comparing the TCO under the LTB and redesign strategies. Let:
The expression for TCO under L TB is given by:
Equation (4) can be rewritten as:
The redesign strategy should be chosen ifTCQBT(N)-TCOw(N) ~ O. Using Equations (11) and (12) we get:
Or Figure 1 is obtained for a hypothetical example wherein for a given part all the cost and design parameters under both L TB and redesign are assumed to be the same. Tn L;is case it is observed that if the remaining life is more than 5 years then the redesign strategy is preferred over the LTB strategy.
We defme: Redesigning is cost effective when the sum of the procurement, operation and maintenance cost of the redesigned part is less than or equal to that of the existing part.
Proposition 2: If an embedded part becomes obsolete and the redesign is cost effective and
Ad xFxDN XC hd C RD < He -> then it is optimal to choose the redesign strategy, provided 2 that the redesigning is performed in period 1 of the remaining life.
Proof: Assume that the redesign is cost effective. That is: (14) Let (15) We know that: (16) Using Equations (14), (15) and (16) in Equations (3) and (4), we can show that TCOLTB(N) 2: TCOw(N). In proposition 1 and 2, the underlying assumption is that the part under consideration would certainly become obsolete (or the manufacturer has informed the user that he is discontinuing the part). In proposition 3, we assume that there is some uncertainty about the time at which the part may become obsolete. An important question which every decision maker responsible for obsolescence management poses is, 'What is the optimal time to redesign the obsolete part?' (porter, 1998; Singh and Sandborn, 2006) . In proposition 3, we assume that the time-to-obsolescence is uncertain and derive the optimal time to redesign. Proposition 3: If the time to Obsolescence is a random variable with distribution F(x), then the optimal redesign period, M, can be derived using the following inequality:
Proof:
Assume that the decision maker chooses to perform redesign during the Mth period and till then it will be used under normal conditions. Then, using the concept of expected marginal benefit, we can write that the optimal redesign period, M « N), should be the maximum value of M, for which:
Note that in Equation (17), the penalty cost (Up) incurred due to the non-availability of spare parts is discounted at the rate r since the penalty is incurred in year M. It is easy to show from Equation (17) , that: (17) can be written as:
Rearranging equation (20), we get: Figure 2 depicts the graphs of expected benefits and expected cost ~urves for a part for which the time-to-obsolescence is assumed to follow a normal distribution with mean 8 years and standard deviation 2 years. In this example, the optimal time to redesign is 7 years. When the remaining life of the system is very large and the technology obsolescence rate is high, it is likely that the redesigned part may become obsolete before the system is decommissioned. Here normal distribution is used for time-to-obsolescence for illustrative purpose only. In the next section, we use the Markov decision processes called the Bandit processes to model and find the optimal sequence of decisions.
Bandit Process Approach for Optimal Selection of Obsolescence Mitigation Strategies
Assume that at the beginning of each period the decision maker has to choose one of the many strategies available to her. Let Sij be the strategy j used for period i and Rij(Sij) is the expected reward for choosing strategy j for period i. Let II be the sequence of decisions made over N periods. That is:
The corresponding expected total reward R(n) is given by:
Where Pij(Sij) is the probability of obtaining the reward Rij(Sij) when strategy Sij IS chosen. A sequence n· is called p-optimaI (Mine and Osaki, 1970) if there exists a sequence of strategies n· such thatR(n t ) ~ R(TI) V n, where (0 ~ J3 < 1). The problem stated in (22) and (23) is a classical Multi-arm Bandit Problem (MAB) and the resulting process is called the Bandit process in which a decision maker has to take a sequence of decisions that maximizes her total expected discounted reward. The rewards are discounted since they are earned at different time periods. In this case we have assumed finite time horizon which is determined by the designed life of the systems, after that the system is condemned or decommissioned. It is possible that the designed life of the system may be extended, but in this paper we restrict our analysis to systems without life extensions beyond their initial design period.
A common example used in explaining a MAB is the sequential selection of projects to optimize the total reward over T ( t = iscounted by a factor p, where 0 < p < 1. The state nt(k) changes to nt+I(k), the state evolution is a Markov process in which change of state depends on k, but not on t. In the classical MAB, the states of projects that are not chosen remain same. The problem is to choose the projects sequentially to maximise the total discounted reward. Thus, MAB is basically an independent Markov decision process with aforementioned additional conditions. Thompson (1933) and Glazebrook (1987 Glazebrook ( , 1990 ). Gittins and Jones (1974) proved that a k-armed Bandit problem can be solved by solving k-one armed bandit problems. This theorem asserts that in any indepelldent-armed Bandit problem with geometric discounting over an inftnite horizon, it is possible to associate with each arm an index (dynamic allocation index), known as the Gittins Index, with the property that a strategy in the Bandit problem is an optimal strategy if and only if it involves playing an arm with the highest value of the Gittins Index at that point (such a strategy is called the Gittins Index strategy). Whittle (1981) introduced the concept of armacquiring baildits, in which new arms may be added to the problem at a later stage and proved that Gittins index policy of classical MAB is optimal to arm-acquiring bandits as well. The
Gittins index (dynamic allocation index, Gittins (1979» for the jth arm with a discount rate of (3 is calculated as follows:
The feature that gives this result especial potency is that the Gittins Index on an ann depends solely on the characteristics of that arm and on the rate of discounting, and not on any other feature of the problem under study (Sundaram, 2003) . The selection of optimal obsolescence strategies in its general form is an arm-acquiring restless bandit problem. New technologies would emerge from time to time and the decision maker has to decide on the optimal strategy based on all currently available technological choices. Also, the state evolution of arms depends on the time, that is, the rate at which a technology becomes obsolete would depend on the time (current age of the technology), and thqs the problem is also a restless bandit problem. State evolution occur independent of whether an arm (in this case the strategy) is chosen or not. However, at any stage, the decision maker chooses only one ann, and there is no passive reward for the anns which are not chosen. Dayanik et al (2007) have proved that when the passive rewards are equal to zero, the Whittle's index converges to Gitlin's index. In fact, for the optimal selection of obsolescence strategies, since only one strategy can be chosen at any period and passive anns carry no reward; there is no difference between Whittle's and Gitlin's indices.
Two Armed Bandit Model For Selection Of Obsolescence Strategy
Every year, during the useful life of a system, the decision maker faces the issue of having to decide on the strategy she is going to use to deal with the obsolescence of parts. While the decision maker is infonned about parts that are likely to become obsolete in the near future, she may ignore the warning and store only those parts required for that particular period to support the system, or go for the redesign strategy (if redesign strategy turns out to be an optimum strategy, the decision maker can always choose LTB till that period). That is, there is a state change in the fonn of availability of parts in the next period, irrespective of the fact whether an ann is chosen or not. A two anned restless bandit approach can be used to model this problem, where each ann represents a unique strategy as defmed below. At any period only one arm is chosen and there is no passive reward.
Ann 1: The decision maker chooses to procure parts required for the current period (period i) only.
Ann 2: The decision maker chooses to redesign the part during period i.
Now we calculate the Gittins Indices for arm 1 and ¥Ill 2 and choose the ann which has the highest Gittins Index (please note ~t in this case both Whittle's and Gittin's indices are same). Since we are dealing with a two anned restless bandit problem, we continue the estimation of Gittins Indices until ann 2 is chosen, and this point becomes the stopping rule in our case. It is obvious that the decision maker would like to minimize the total cost of ownership of the system. At the same time however, if the decision maker is unable to maintain the availability of the system due to the chosen strategy, she is likely to incur a heavy penalty. The expected reward E(Rij) corresponding to arm j during period i is defined as the difference between penalty cost and the total cost of ownership under the corresponding obsolescence strategy.
Calculation of Gittins Index for Arm' 1:
The expected total cost of ownership when a decision maker chooses to store parts necessary for a particular period only (say period i), is given by:
Where Pi is the probability that the part will be available for procurement during period i
and Up is the penalty cost associated with the risk of not being able to maintain fleet availability due to obsolescence (non availability of parts).
Note that the expected reward is defined as the difference between the penalty cost and the total cost of ownership up to period i. The objective here is to minimise the total cost of ownership.
The Gittins index for arm 1 up to period N is given by:
Calculation of Gittins Index for Arm 2:
The total cost of ownership for arm 2 is given by:
where,
and Qi is the probability that the redesigned item will survive the remaining (N-i) periods of the designed life. The expected reward for period i is given by:
The Gittins Index up to period N for arm 2 is given by:
Ultimately, the optimal strategy for period i is given by the arm whose Gittins Index value is the highest and substitution of this optimal strategy for each period in Equation (22) gives us the 20 optimum sequence of decisions U* and the corresponding optimum expected reward R(U*), over N periods can be obtained from Equation (23) .
Proposition 4:
If TCO(i -1) > P; > Qi then it is optimal to choose arm 1 for period i.
TCO(i)
Equations (31) and (32) imply:
That is arm 1 is optimal for period i. then arm 2 is the optimal strategy and a stopping rule.
Proof:
If G~ > G~ , then we have:
From conditions stated in the proposition we have:
Thus, if there exists a 'j' such that G J > G ~ and, TCO(j -1) > P and
TCO(j)
J TCORD,jQ; > TCORD,j+lQi+l then ann 2 is the optimal strategy and a stopping rule.
Arm Acquiring MAB Model for Selection of Obsolescence Strategy
Consider a scenario similar to the one in section 4.1, except that more technologie,s can appear in the future periods, and the decision maker may have to choose strategies by considering all possible technologies available at any particular period. At any period only one ann is chosen and there is no passive reward. Arms are defmed as follows:
Arm 1: The decision maker chooses to procure parts required for the current period (period i) only.
Arm j: The decision maker chooses to redesign the part using technology j ( = 2, 3, ... , n)
during period i.
Thus we have a ann-acquiring bandit problem and here again the Gittins index policy provides the optimal solution. The Gittins index for ann j can be calculated as follows:
The total cost of ownership for armj, E(TCOjj) is given by:
and Qi is the probability that the redesigned item will survive the remaining (N-i) periods of the designed life. The expected reward for ann j period i is given by: In this section, we use a hypothetical example to illustrate the Bandit process models discussed in section 4. The values of the parameters are shown in Table 1 . Table 1 contains three sets of values, the first set of values correspond to the existing part which has become obsolete (arm 1), the second set of values correspond to the redesign option using technology 1 (arm 2) and third set of values correspond to the redesign option using technology 2 which will be available at the beginning of year 3 (arm 3). Using the data defined in Table 1 we have calculated Gittins indices for the following two scenarios.
Scenario 1:
The decision maker chooses the optimal strategy for management of obsolescence by considering the technological options available at the beginning of the decision making period.
That is, a two-armed bandit model is used to calculate the Gittins Index values. The Gittins index values for arms 1 and 2 are shown in Table 2 . From the values of the Gittins Index, the optimal strategy is arm 1 for the fIrst six periods and arm 2 from period 7 onwards which is a stopping rule. The optimal strategy for the hypothetical problem is to redesign the part during period 7
and have normal operation for the fust six periods. From the data in Table 2 , one may notice that there is a 30% chance that the part may not be available in the market in period 6.
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Scenario 2:
In scenario 2, we assume that the part may be redesigned using an alternative technology which will be available from period 3 onwards. This scenario is modelled using arm-acquiring bandit model. This is a three-armed bandit problem in which the third arm is available from period 3 onwards. The optimal solution to this problem is to use arm 1 for first four periods and arm 3 in period 5. Figure 3 shows Gittins index values for 3 arms. In both scenarios we have used decreasing probabilities for survival of the redesigned part since the technology used to redesign may also become obsolete before the designed life of the system.
Conclusions and Future Research
The life span of a capital asset is a critical period because the asset manager has to make several important decisions to ensure that availability of the system is maintained at the least cost of ownership. During the designed life of the system, some embedded parts may either become obsolete or become technologically inferior. In this paper, we have developed a few mathematical models that would assist a decision maker in choosing the best obsolescence mitigation strategy from a set of available strategies. In the first set of mathematical models, we have assumed that the decision maker either receives information about the part obsolescence or has knowledge about the prior distribution of time to obsolescence of a part embedded within the system or LRU. Using techniques like zero-one programming and expected marginal benefit, the model identifies the optimal time to redesign in each case.
The aforementioned myopic models may not be suitable when the remaining life of the system is large or if the rate of technological obsolescence is very high. In such situations, the decision maker has to use a sequence of decisions that is optimal. During each period, the decision maker gains some new information about the parts and is in a better position to judge 24 between various options. We have modelled this problem using the restless multi-armed Bandit approach. As an illustrative example, a restless two-armed Bandit framework is used to show how the optimal strategy can be chosen in case of two strategic choices. The main advantage of the Bandit process approach is that the model allows the decision maker to update the model parameters when she moves from one period to the next. We have also illustrated how to calculate the Gittins Indices in the case of two-armed Bandit problems, which can be extended to cases of multi-armed bandit problems also. Another important aspect of obsolescence management problem is that more technologies may become available that can be used to redesign the obsolete part and the decision maker has to include all available technology to choose the best strategy. This scenario is modelled using arm acquiring bandit models.
In this paper, we have assumed that the arms are independent; however, this need not be true always. Consequently, there is scope for future research to, develop mathematical models for choosing optimal, obsolescence strategies under dependent arms. In the current paper, we have assumed that the system's life is not extended beyond the design life of the system, however, for many systems, life extensions are common practice and future research should consider these cases. 
